is 1.3 GHz. The ultimate bunch structure required for injection into the MI will be formed by a 325-MHz fast chopper system [9] . The fast chopper system will be required to remove individual 325-MHz bunches or groups of bunches to be matched to the MI RF structure and provide a beam abort notch: two out of every six microbunches 3 are to be removed.
Time Structure of the Main Injector
In the injection modeling for the MI with the aid of ESME [10] , a train of four microbunches, produced by the fast chopper system located at the front end of the 8-GeV SC RF linac, are injected into the upgraded Main Injector. Regarding the MI to be a 11.1338-µs, or 360-degree ring, we used the following conversion factor:
4 The azimuthal density is referred to as the charge density, or the azimuthal profile of macroparticles. 5 The energy-density distribution is referred to as the profile of macroparticles in energy (∆E) direction. The principal MI RF is 53 (MHz) and the SC-linac bunching frequency is 325 (MHz).
From the MI RF, we can obtain an integer harmonic number of 588. The width of a MI RF bucket is 18.935 (ns), into which trains of microbunches are repeatedly injected over 270 turns, filling in a MI RF bucket in the region of ± 6 (ns) around the center of a MI RF bucket. The beam notch that is kept free of beams is 3.3 (ns) long, following an earlier injection study with a long bunch [11] . In the following sections, we will explore and discuss several microbunch-injection scenarios, based upon the RF parameters used in the present MI operation.
Microbunch-Injection Scenarios for the Main Injector
The goals of the modeling of the time-structured multiturn injection into FMI-2 with a SC linac are threefold:
(1) To find the optimized Fermilab Main Injector RF system with the following aspects:
(i) Efficient RF capture methods with minimum particle losses 
SCENARIO (I)
• synchronous injection of a train of 4 microbunches into a standing RF bucket
• single RF Harmonic (53 MHz)
• V r f = 800 (kV) (fixed RF voltage with no ramping)
• 270 injection turns (∼ 3 ms) → 2,700 turns (∼ 30 ms)
• longitudinal space charge included
We begin with a single RF system of 53 (MHz) and the fixed RF voltage (V r f ) of 800 
For one MI RF bucket, the following Eqn. (3) is obtained from Eqn. (2) as illustrated in 
Due to the longitudinal mismatch, or RF mismatch between the SC linac and the FMI-2, an inherent phase slip between 325-MHz microbunch structure and the MI stationary buckets could be parasitically induced in the form of longitudinal painting in RF-phase direction.
With f and λ being radio frequency and RF wavelength, respectively, we computed the RF ratio (R r f ). 
Having this amount of phase slip included, we simulated the SC linac-to-MI injection with ESME over 270 injection turns. After the 270 turns, the longitudinal phase space is painted in RF-phase space as illustrated by Figure 7 . As in Fiugre 8, one-peaked but continuous distribution of charge density 6 at the 270-th turn is shown. The evolution of longitudinal emittance growth for the case of a single RF harmonic is shown in Figure 9 . As the number of macroparticles increases, so does the longitudinal emittance up to about 0.08 (eV-s).
Then, the emittance flattens out until the end of the simulation run. The induced voltage (V sc ) due to space-charge fields (E(z)) is proportional to the g-factor, which is usually defined as 1 + 2 ln(R w /R b ). Hence, from the charge distribution, space-charge-induced voltage per turn is computed at a specified turn. In particular, we looked at the induced voltage at the last injection turn of 270-th turn as shown in Figure 11 .
where R w , and R b denote effective beam pipe radius, and effective beam radius, respectively. In the case of the Main Injector at injection energy of 8.0 GeV, the g-factor is about 5.64. In Figure 12 , the peak collective voltage in frequency domain (V FD ) is drawn at each turn. The collective voltage goes up to about 50.0 (keV) at the end of the injection. As the bunching factor is usually defined as average current ( I ) over peak current (Î) for convenience, the value is upper-bounded at unity. Figure 13 shows that the bunching factor converges to about 0.3 for the case of Scenario (I).
SCENARIO (II)
In Scenario (II), the injection process described in Scenario (I) is followed by ramping up the RF voltage linearly up to 150 % of the initial RF voltage. Thus, the RF voltage ramping lasts for additional 27 (ms), and the total injection time elapses about 30 (ms).
• V r f , i = 800 (kV), V r f , f = 1,200 (kV)
• ramping RF voltage after the injection is complete
At the end of RF voltage ramping, the macroparticles are well captured in a RF bucket as shown in Figure 14 . In an attempt to reduce further the space-charge-induced voltage and to produce a more uniform charge distribution, a dual RF harmonic system is explored in Scenarios (III) and (IV) in the following subsections. 
where V r f , H, φ, and ψ are RF voltage, harmonic number, phase angle of each macroparticle, and phase of RF cavity, respectively. As can be seen in Figure 18 , the waveform has a negative slope around the stable phase of 0 (deg). By adding a higher secondary harmonic RF voltage to a principal harmonic RF voltage, we can create a flat-bottom potential energy. As a result, the RF-bucket contour with a dual RF system is also flattened at the top and bottom on a phase-space plot. Hence, the charge distribution follows the flat per turn as in Figure 33 . Figure 34 shows the evolution of peak voltage induced by space charge. By using the phase modulation in a controlled fashion, which will allow us to maneuver charge distribution, we will be able to lower space-charge voltage further. The bunching factor calculated at each turn for Scenario (IV) turns out to be close to that of Scenario (I) with a single RF harmonic as in Figure 35 . It should be noted that the bunching factor calculations are important in that it serves as an indicator of how large tune spreads will be prior to 3-D space-charge calculations. including animated simulation results are available on a Fermilab web site [14] .
